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Abstract-Numerical solutions are presented for stresses around an elliptical hole in a long,
thin, circular cylindrical shell subjected to axial tension for both the symmetric orientations of
the hole with respect to the shell. The method of analysis involves obtaining a series solution
to the governing shell equations in terms of Mathieu functions by the method of separation of
variables and satisfying the boundary conditions numerically term by term in a Fourier series
formulation. Results are presented in the form of charts from which stress concentration factors
can be directly read over a wide range of the two parameters, namely, axis ratio of the ellipse
and a curvature parameter defining the hole size with respect to dimensions of the shell.

An interesting feature of the investigation is the analysis of limiting cases of circumferential
and axial cracks for axial tension and internal pressure loadings respectively. The method
developed involves determining the solution completely in elliptic coordinates and then deter
mining the singular stresses by carrying out a transformation to polar coordinates with crack
tip as the origin through a Taylor series expansion. Membrane and bending stress intensity
factors are computed and plotted over a sufficiently wide range of the curvature parameter ex
tending from small to large sized cracks. As an outcome of the analysis, a "hybrid" technique
has been developed by which singularity conditions at the crack tip can be handled effectively
in dealing with boundary conditions in crack problems.
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NOMENCLATURE

Radius and thickness of shell, respectively, Fig. 1
lengths of major and minor axes, respectively, Figs. 1 and 2
axis ratio of the ellipse, b/a
out-of-roundness parameter, (a - b)/(a + b)
interfocal distance nondimensionalized with respect to a, Fig. 2
Poisson's ratio
Young's modulus
a dimensionless curvature parameter,

f32 = a2[12(l - V 2 ))l/2/8Rt

rectangular coordinates with X axis oriented along major axis of the ellipse and non
dimensionalized with respect to a, Figs. 1 and 2
rectangYlar coordinates with x axis oriented along the shell axis and nondimensionalized
with respect to a, Fig. 1
polar coordinates with crack tip as the origin, r being nondimensionalized with respect
to a, Fig. 1
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elliptic coordinates, Fig. 2
nondimensional scale factor for elliptic coordinates, [h2(cosh 2g - cos 2T)/2j1/ 2

uniform stress in the shell at large distances from the hole
displacement normal to middle surface of shell, positive radially outward and non
dimensionalized with respect to O'a2[12(1 - v2)]1/2/Et, Fig. 2
stress function nondimensionalized with respect to O'ta2
nondimensional complex function,

(W-i<I»,i

membrane forces in elliptic and polar coordinates respectively, nondimensionalized with
respect to at, Fig. 2
bending moments in elliptic and polar coordinates respectively, nondimensionalized with
respect to at 2/[l20 - V2)]l/2, Fig. 2
transverse shear forces in elliptic and polar coordinates respectively, nondimensionalized
with respect to O't 2/a[l2(l v2)j1/2, Fig. 2
Kirchhoff shears in elliptic and polar coordinates respectively, nondimensionalized with
respect to O't 2/a[12(l - v2)j1/2
stresses in elliptic, polar and rectangular coordinates respectively, nondimensionalized
with respect to 0'

nondimensional membrane, bending and total stress intensity factors normalized with
respect to O'va
a purely imaginary parameter in the Mathieu equation, ifJ2h2 /2
an imaginary constant, 1'46876852 i
characteristic number of the Mathieu equation
Mathieu functions of first kind

Modified Mathieu functions of Hankel type

Bessel function of first kind
Square of Laplacian operator '\72

(
8

2
(

2
)8x2 + 8y 2 in rectangular coordinates

1(82 82
)K 2 8e + or/ in elliptic coordinates

(m) and (b) denote membrane and bending components respectively.
( Y and ( ). denote differentiation with respect to gand T) respectively.

1. INTRODUCTION

In thin shell structures, like pressure vessels, high pressure ducts and aircraft fuselages,
openings are invariably necessary for a variety of functional requirements like inspection,
branch connections and visibility. The circular hole is generally prefered because of the
advantages of its simple geometry; but, from a purely structural point of view, there are
other configurations which offer certain specific advantages over the circular shape. The
most important among these is the elliptical configuration. It is well known that in the case of
a flat plate with an elliptic hole under a biaxial state of stress, for every stress ratio, one can
find a minor axis to major axis ratio for which the stress is uniform all along the boundary.
In fact, even Mansfield's neutral hole for a biaxial stress field[l Jis elliptic in shape. The ellip
tic configuration is commonly used for window openings in aircraft fuselages and is recom
mended for manholes by the ASME Code for Unfired Pressure Vessels and the British
Standard Specification (BS 1500) for Fusion Welded Pressure Vessels. So, in this paper we
confine ourselves to the analysis of elliptic openings in cylindrical shells.
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In the elliptic hole analysis, the limiting case of a crack poses itself as an important
practical problem. Experimental studies in recent years have clearly shown that curvature
may have considerable effect on the fatigue crack propagation rates as well as residual
strength of thin-walled structures. Analysis in this paper will, therefore, be extended to
straight, through cracks also. The studies will be concentrated on the evaluation of the stress
intensity factors which are almost universally adopted as correlation parameters in current
studies on brittle and quasi-brittle fracture of structural materials. The use of such correctly
computed stress intensity facfors in effectively predicting the fatigue crack growth behaviour
of shells from that of flat plates with the same material and thickness has been clearly
demonstrated[2, 3]

The problem of circular cutouts in thin shells has been investigated quite extensively in
the past[4-9] including the problem of rigid inc1usions[lO] and reinforced circular cutouts
[11], but the work on cutouts of noncircular shapes is not so complete. In particular, the
important case of an elliptic cutout has not received sufficient attention. The first attempt on
the problem of an elliptic cutout in a cylindrical shell due to Venkitapathy[12] is found to
give an erroneous solution due to assumption of an inadequate solution to the governing
shell equations. Perturbation solutions were obtained by Savin and Guz[13] for stresses
around elliptic holes in cylindrical and spherical shells. These solutions are obtained as part
of a series of investigations covering cutouts of various profiles. The method is, in principle,
applicable to a cutout of any arbitrary shape provided it is possible to find a suitable
mapping function which can map the contour of the hole on to a circle. The method of
solution involves perturbation in two parameters f3 and e defining the size and out-of
roundness of the hole. Boundary perturbation is used to reduce the problem to a series of
boundary-value problems in polar coordinates, the first approximation corresponding to the
problem of a circular hole. The resulting solutions are accurate enough only if the hole is
small in size compared to the shell and does not depart significantly from a circle. The
method has since been extended to holes of large size by Rao[ll]. Here, the problem is
again treated as one of perturbation in e but, unlike in Savin and Guz's procedure, each term
in the perturbation series is obtained without any restriction on the value of f3 by taking the
solution in the form of an infinite series of Hankel functions and using a collocation pro
cedure as in the work of Eringen et al[8]. This method, which extends applicability to large
values of the curvature parameter f3, places the same degree of restriction on the out-of
roundness parameter as Savin and Guz's solution and the results for a very slender ellipse
would be far from being accurate. Further, it is impossible to study the limiting case of a
crack by this method.

The first successful solution for the problem of an elliptic hole in a cylindrical shell
without any restriction on the axis ratio k was given by Murthy[14]. The loading considered
was axial tension and the major axis of the hole was taken to be parallel to shell axis. A
perturbation analysis was carried out in elliptic coordinates with f3 as the perturbation
parameter and the results are valid only if the hole is small in size compared to the shell.
The analysis was later extended to the other symmetric orientation of the hole with respect
to the shell and the limiting case of a crack was also analyzed[15]. The results are valid over
the entire range of the parameter k and in the two limiting cases, the solutions approach
known perturbation solutions for a circular hole [4] and a crack[16]. Following the tech
niques developed in Refs.[14, 15], the analysis has been carried further to other loading
cases such as torsion[17, 18] and uniform bending moment applied along the boundary
of the hole[19, 20]. Application of this method to the internal pressure loading problem



1246 M. V. V. MURTHY, K. P. RAo and A. K. RAO

presents certain analytical difficulties and it appears impossible to obtain a closed form
perturbation solution for an arbitrarily specified load transfer around the edge of the hole
and, in particular, even for the usual assumption of a uniform Kirchhoff shear. On the other
hand, the analysis of cracks in pressurized cylindrical shells is quite feasible and has been
reported earlier by Murthy et al.[21].

From the foregoing review of the existing methods of analysis of elliptic holes in shells, it
is evident that the earlier procedures placed restrictions on one or both of the curvature and
out-of-roundness parameters f3 and e. So we notice a need for a method which eliminates
both these restrictions and permits analysis of practical problems. This, in fact, is the
purpose of the present paper.

In the following analysis, numerical solutions are obtained for the problem of an elliptic
hole and the limiting case of a crack in a circular cylindrical shell. Both the axial and
transverse orientations of the hole or crack (Fig. I) are considered with axial tension. The

Fig. 1. Configurations considered for analysis.

axial crack is analyzed for internal pressure. The shell is considered to be thin and long
enough so that end effects in the neighbourhood of the hole can be neglected. For the purpose
of analysis, the shell is assumed to extend to infinity on either side of the hole. Solution to
the governing differential equation for the shell is obtained in the form of an infinite series in
terms of Mathieu and Modified Mathieu Functions by the method of separation of variables
and is expressed in the form of a Fourier series. The boundary conditions are also formulated
in the form of Fourier series and are satisfied numerically term by term with the aid of a
digital computer.

The method used for solving crack problems in this paper is essentially an extension of the
elliptic hole analysis, the main problem being one of recovering singular stresses from the
solution in elliptic coordinates. Arbitrary constants in the series solution are evaluated by
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satisfying the boundary conditions as in the elliptic hole problem with a slight modification
to improve the convergence at higher values of {3. The solution, which is completely deter
mined, is then transformed by a Taylor series expansion from elliptic to polar coordinates
with crack tip as the origin and the singular stresses are determined. It will be seen later that,
with the Mathieu Functions and their derivatives already evaluated during earlier stages of
computation, very little further computational effort is required to effect this transformation.
It may be noted that whereas the problem of cracks in shells has been treated III the past
exclusively by integral equation methods based on integral representations of general
solutions to shell equations[l6, 22-25], the present method uses the differential equation
approach and is offered as an alternative to the earlier methods.

As the work reported in this paper was in progress, Tingleff[26] published a numerical
solution for a transverse elliptic hole under axial tension (Fig. 1, Case 2). The analysis
excluded the important limiting case of a crack and was carried out over a restricted range
of {3. An examination shows that this range falls below a critical value of {3 (which depends
on k) corresponding to one of the branching points of the Mathieu equation. Solution of the
problem in the neighbourhood of and beyond this critical value presents certain analytical
and computational difficulties which are overcome in the present work. In fact, it is found
from this analysis that at the critical value of {3, the method of separation of variables fails
to give an adequate solution to the shell equations and there exists another solution of
variable-nonseparable type which has to be included in our solution in order to get con
vergence in the results. Analysis in this paper is carried through for {3 up to 2·5 which includes
the critical values. The range of {3 considered here should be generally sufficient to cover
sizes of openings in shells occurring commonly in practice.

2. METHOD OF ANALYSIS

2.1 Nondimensionalization

All the physical quantities in this paper are dimensionless and the nondimensionalizing
factors are given in "Nomenclature". As a result of nondimensionalization, it is found
that any given problem can be completely defined by three dimensionless parameters
namely, the curvature parameter {3, axis ratio k and the Poisson's ratio v.

2.2 System of coordinates

In order to simplify the presentation of analysis for both orientations of the hole or crack,
we define two nondimensional rectangular coordinate systems (x, y) and (X, Y) with centre
of the hole as the origin. The x and X axes are oriented along the shell axis and the major
axis of the hole respectively (Fig. 1). Thus

and
x = X, Y = Y when major axis is aligned with shell axis.

x = Y, y = - X when minor axis is aligned with shell axis.

0)

(2)

An elliptic coordinate system (~, /7) (Fig. 2) is defined as follows:

X = h cosh ~ cos 1], Y = h sinh ~ sin /7. (3)

The boundary of the hole is then defined by ~ = ~o (Fig. 2). For analysis of cracks, we
define nondimensional polar coordinates (r, 0) with crack tip as the origin (Fig. 1). These
are related to (X, Y) by

X = 1 + r cos 0, Y = r sin e. (4)
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Fig. 2. System of coordinates and stress resultants.

2.3 The "Residual problem"

We define a "residual problem" as the problem of determining a stress field which, if
superposed on the state of stress in absence of the hole, gives the actual state ofstress in the
shell with the hole. Evidently, this stress system should arise from a system of self-equilibra
ting edge loads on the hole boundary. In the problems analyzed here, these edge loads are
determined from the condition that a stress-free state should exist at the boundary in the
final solutions. In analysing the edge load problem, we take that part of the solution to shell
equations, the stresses and displacements due to which vanish at infinity in accordance with
Saint Venant's Principle.

2.4 Governing shell equations

For an edge load problem, Donnel's equations for a circular cylindrical shel1[27] can be
reduced to a single, homogeneous equation for a dimensionless complex function F:

a2p
V 4 F+8i/P ox2 =0. (5)

The nondimensional stress resultants (Fig. 2) in elliptic coordinates can be expressed in
terms of F as follows:

h2

N? = 2K4 [<I>"(cosh 2'; - cos 211) + <1>' sinh 2~ - <1>' sin 211]

h2

N~ = 2K4 [<I>"(cosh 2~ - cos 211) - <1>' sinh 2~ + <1>' sin 211]

(6)

(7)
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h2

N~" = 2K4 [<I>"(cos 21] - cosh 2~) + <1>' sin 21] + <1>' sinh 2~] (8)

h2

M~ = 2K4 [(W" + vW")(cosh 2~ - cos 21]) + (1 - v)W" sin 21] - (1 - v)W' sinh 2~J (9)

h2

M" = 2K4 [(W" + vW'')(cosh 2~ - cos 21]) - (1 - v)W" sin 21] + (1 - v)W' sinh 2~] (10)

M~" = h2~K: v) [W"(cosh 2~ - cos 21]) - W' sinh 2~ - W' sin 21]1 (11)

1 0 2
Q~ = Ko~ (V W) (12)

1 0 2Q;, --(V W). (13)
K 011

Nondimensiona1 membrane and bending stresses can be obtained from these stress
resultants by the following relations:

(T(m) N (T(m) = N
~ ~, " 1/'

(T~b) = ±6M~/JI2(1---;i),

i~~) ±6M~"IJI2(l - vi).

r~~) = Ne,'I'

(T~b) = ±6M'I/~I2(l - v2
)

(14-19)

(20)

(21)

(22)

(23)

The plus and minus signs in equations (17)-(19) refer to inner and outer surfaces of the
shell, respectively.

2.5 Elliptic hole with major axis parallel to shell axis (Fig. 1, Case 1)

Solution for residual problem. In the residual problem for this case, edge loads along the
hole boundary are given by

(N) _ = -~[l + (cosh2~ocos21] -1)]
~ ~-~o 2 (cosh 2~o cos 21])

(N ) _ ~ _SI_'nh__2_~_o_si_n_2...:.11_
~1/ c,=e,o - 2 (cosh 2~o - cos 211)

(M~)e,=~o = 0

(Q~)~=~o = o.
Where the Kirchhoff shear Qe, is given by

- loMe,,,
Q~ = Qe, + :K-0-

11
-'

With the help of equations (6)-(13), the foregoing boundary conditions can be written as
[<I>"(cosh 2~ - cos 211) + <1>' sinh 2~ - <1>' sin 211J~=~o

h2 h2

= - 8" (cosh zeo - 1)(2 cosh 2~o - 1) - '4 (cosh zeo - 1)2 cos 21]

h2

+"8 (cosh 2eo - 1) cos 411, (24)
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[<I>"(cos 2/} cosh 2~) + <1>' sin 2/} + <1>' sinh 2~J~~~o

h2 h2

8 sinh 4~o sin 2/} - 8 sinh 2~o sin 4/}, (25)

feW" + vW")(cosh 2~ - cos 2/}) + (1 v)W sin 2/} - (1 - v)W' sinh 2~h~~o = 0,
(26)

[(2 cosh2 2~ + 1){W'" + (2 -v)W"} - (3 -v)W" sinh 4~

-2W" sinh 4~ + 6W'(l -v) + {6(v - 1)W" cosh 2~

+ 8(l-v)W' sinh 2~} sin 2/}+{ -4W'" cosh 2~

- 4(2 -v)W'" cosh 2~ - 4(1 - v)W' cosh 2.;'
+2(3 -v)W" sinh 2~ +4W" sinh 20cos 2/}
+(3 -3v)W" sin4/} + {W'" + (2 -v)W'''
- 2(1 -v)W'}cos 4/}J~~~o = o. (27)

We now seek solutions to the governing equation which fit into these boundary conditions.
If G is a function satisfying the Helmholtz equation

it can be shown that

F = G cos[(l + Olh]

and

F = G sin[(l + i)f3x]

are solutions to equation (5). Assuming a variable-separable solution of the type

G =f(~)g(/})

we get

r - (p - 2q cosh 2~)f = 0

gOO + (p 2q cos 2/})g = 0

(28)

(29)

(30)

(31)

(32)

(33)

where p is an arbitrary separation constant. Equations (33 and 32) can be recognized as the
Mathieu and Modified Mathieu equations, respectively[28], We can now write down the
complete solution for equation (5) taking account of; 0) periodicity in /}, (ii) symmetry in x
and y, and (iii) the condition that stresses and displacements vanish at infinity:

where

':1:..'

F = I (An + iBn)Fn
n~O.I.2,3." ..

F2j =cos[(l + i)f3x]MeW(~, q)ce2j(/}, q)

F2j+1 = sin[(1 +i)f3x]Mei~)+ J(~' q)ce2j+1(1J, q)

(34)

(35)

(36)

and An' Bn, are arbitrary real constants.
The arbitrary separation constant p in equations (32) and (33), known as the characteristic

number of the Mathieu equation, is to be determined from the condition of periodicity of
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the solution in 1]. A major difficulty in evaluating the Matheiu functions here is the deter
mination of P for imaginary values of q. Power series expansions in q are available[28], but
these extend only to a limited number of terms. Improved accuracy can be obtained by
refining the approximate values from these expansions by using the procedure developed
by Mulholland and Goldstein[29] based on the Newton-Raphson method. The method fails
in the neighbourhood of a certain valuet of q=qcrit, for which two of the characteristic
numbers Po and P2 , corresponding to n = 0 and 2 in equation (34), become equal.

In the present work, the analytical procedure[28] for generating the power series for P
is computerized and the series is generated without any restriction on the number ofterms.t
Over the practical range of f3 considered here, the series expansions are convergent for all
values of n except 0 and 2. For these two values of n, the radius of convergence is equal to
Iqcritl and the convergence becomes very slow for I ql > 1. For Iql > 1, we use the following
infinite continued fraction[28]:

The continued fraction is truncated and expanded into a polynomial equation in p.

The lowest two roots of the equation represent Po and P2 . The process is repeated by trunca
ting further down till satisfactory convergence is achieved. This method works even in the
neighbourhood of qcrit where the Newton-Raphson method fails.

Fourier series expansions are used for the Mathieu functions[28]. Two types of expansions
are used in evaluating the Modified Mathieu functions, the Bessel function product series
[28] being used in a major part of the computations because it is rapidly convergent. Solution
to the shell equation given here represents a generalized form of the one used in circular hole
problems[4-10], because the trigonometric and Hankel Functions are only degenerate
forms of the Mathieu and Modified Mathieu functions. With the use of Bessel function
product series, there is some difficulty in approaching the circular hole solution in the limit
in a numerical analysis of this type§ and the convergence is found to be poor in a narrow
band of k, 0'9 < k ::; 1·0. The difficulty is overcome by using, over this restricted range of k,
the other type ofexpansion which also involves Bessel functions but not in product form [28].

Derivatives of the Mathieu and Modified Mathieu functions are all obtained by termwise
differentiation of the series, which is known to be valid[28].

Using equations (1) and (3), the trigonometric functions in equations (35) and (36) can
be written in the form of Bessel-Fourier series[31]:

where

Cf)

cos[(1 + i)f3x] =Jo(v) + 2 I (_l)mJ2m(v)cos 2m1]
m:::::l

Cf)

sin[(l + i)f3x] = 2I (_l)mJ2m +1 (v)cos(2m + 1)1]
m=O

v =(1 +i)f3h cosh~.

(37)

(38)

(39)

t Bouwkamp[30] gives this value to eight decimal places as 1·46876852i.
t The algebraic work, if carried out by hand, becomes increasingly formidable beyond a certain number

of terms.
§ In a purely analytical work[14, 15], the limiting process is fairly simple.
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(43)

(42)

From equations (37)-(39) and the Fourier series expansions for the periodic Mathieu
functions cen(q, q), the general term Fn in the solution given by equation (34) and its deriva
tives are expressed in the form of Fourier series in the q coordinate. The boundary conditions
represented by equations (24)-(27) are also formulated in a similar form and are satisfied term
by term in the Fourier series by considering the same number of terms, say m, in each
boundary condition. In doing so, only the first 2m terms need be considered in the solution.
This results in a system of 4m linear simultaneous equations for 4m arbitrary real constants
An, Bn. The process is repeated for successively higher values of m until the maximum total
stress remains essentially the same for a further increase in the series length.

Critical Zone of p. An interesting phenomenon was noticed during the solution of
elliptic hole and crack problems in this investigation. As already mentioned, for q=qerit' i.e.
for p2(l - k 2

) =2·9375 ... , Po and pz become equal making the first and third terms in the
series solution identical. This results in a singular solution-matrix, the first and second
columns being identical to the fifth and sixth columns respectively. One might naturally
think that the difficulty could be overcome by dropping one of the two identical terms in the
solution. When this was done, the computations resulted in violent oscillations of stress
values without any trend towards convergence.

A closer examination reveals that at q =qerit' there exists another solution to the Helm
holtz equation (28), which cannot be obtained by the method of separation of variables. By
replacing one of the two identical solutions by this special solution, it is found that conver
gent results can be obtained at q=qerit. Let us now see how to arrive at this solution.

Ifl(~) and g(q) are solutions of

J" - (p - 2q cosh 2~)1 = f (40)

g" + (p - 2q cos 2q)g = -g (41)

wheref(~) and g(q) satisfy equations (32) and (33), it can be easily seen that

G =fg +Jg
is a solution of equation (28). For the existence of convergent solutions to equations (40) and
(41), p must be a repeated eigen value of the Mathieu equation. Equations (40) and (41) yield
series representations for J and g which are identical in form with those for f and g, i.e.
Me~l)(~. q) and cen(q, q) respectively. The difference arises only in that the characteristic
coefficients in the two series satisfy a different set of recurrence relations.

For q in the neighbourhood of qerit' equations (34)-(36) give an adequate solution but, as
one would expect, the computations lead to large round-off errors and even loss of con
vergence unless they are carried out to a high degree of accuracy. In the present analysis,
however, in which the calculations are extended to sixteen significant digits, convergent
solutions were obtained at values of q quite close to qerit .

2.6 Elliptic hole with minor axis parallel to shell axis (Fig. 1, Case 2)

The" residual problem" in this case is defined by the following boundary conditions:

(N)- =_![1_(COSh2~OCOS2q I)J
~ ~-~o 2 (cosh 2~o - cos 2q)

1 sinh 2~o sin 2q
(N~~)~=~o = - 2(cosh 2~o - cos 2q)
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(M~)~~~o = 0 (44)

(Q~)~~~o = O. (45)

Keeping in view the changed orientation of the hole and the necessary condition of
symmetry in x and y, solution to the shell equation is now taken in a slightly different form:

where

00

F = L (An +iBn)Fn
n~O,1,l,3, ....

Flj = cos[(1 + i)fJx]MeiY(~, q)cel i1], q)

Flj +1 =sin[(l + i)fJx]NeW+ 1(~, q)selj+ 1(1], q).

(46)

(47)

(48)

Since the x axis now falls along the minor axis of the hole, the trigonometric functions in
equations (47) and (48) are to be expanded by using equations (2) and (3). We get

where

00

COS[(1 +'i)fJx] = JO(V) + 2 I Jlm(v)cos 2m1]
m~l

00

sin[(1 +i)fJx] = 2 I Jlm +1(v)sin(2m + 1)1]
m~O

v=(1 + i)fJh sinh~.

(49)

(50)

(51)

Beyond this point, numerical analysis of this boundary value problem follows essentially
the same pattern as in Section 2.5.

As crack is one of the limiting cases of the ellipse, we now proceed to extend the analysis
of Sections 2.5 and 2.6 to the study of cracks in cylindrical shells. The axial crack is trivial
for axial tension and so will be examined later for internal pressure. The circumferential
crack is an important case for axial tension loading and will be examined in the next section.

2.7 Circumferential crack (Fig. 1, Case 3)

As this problem is a limiting case of the transverse elliptic hole (Fig. 1, Case 2), all the
relations developed in Section 2.6, including the boundary conditions, are valid. The
arbitrary constants in the series solution are determined by satisfying the boundary condi
tions given by equations (42)-(45) term by term in the Fourier series as in the elliptic hole
problem. It should be emphasized here that although we have singular stresses at the crack
tip, we are not trying to expand any singular function as a Fourier series in satisfying the
boundary conditions. Let us, for example, take the boundary condition

h l

N~~ = 2K4 [<1>"(cos 21] - cosh 2~) + <1>' sin 21] + <I>" sinh 2~] = 0 at ~ = O. (52)

N~~, in general, is singular at the crack tip as K is zero at this point on the boundary. While
actually satisfying the foregoing boundary condition, we take it in the form

[<I>"(cos 21] -cosh 20 + <1>' sin 21] + <1>' sinh 2~]~~o = O. (53)

The left hand side of equation (53), as it follows from the well known properties of the
Mathieu and Modified Mathieu functions, is not singular anywhere over the domain
considered. It is this we are expanding in a Fourier series and making it vanish term by term.

lJSS Vol. 10 No. Il-F
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With the arbitrary constants determined, the solution is completely known in elliptic
coordinates. However, it is convenient to express crack solutions in terms of polar coordin
ates with crack tip as the origin because, in this form, the order and strength of singularity
of stresses can be clearly seen. Hence, we transform the solution to polar coordinates and
recover the singular stresses in the usual form. Since we are only interested in determining
the singular stresses near the crack tip, these transformations are carried out for

r<%:1. (54)

Terms involving r2 and higher powers of r are neglected in F because they produce only
finite stresses. Accordingly, the trigonometric functions in equations (47) and (48) are expan
ded with the help of equations (2) and (4), as

cos[(l + i )fJx] = I + 0(r 2
)

sin[(l + i)fJx] = (I + i)fJr sin 8 + 0(r 3
).

(55)

(56)

Without any loss of generality, we can restrict ourselves to one of the crack tips where
1'/ = °as the stress system is symmetric about X and Y axes. Since ~ = °on the crack
boundary, we have, in the vicinity of this crack tip,

(57)

Making use of (54), (57) and equations (3) and (4), the following relations between the
elliptic and polar coordinates are obtained;

o I 38
~ = (2r)1 /2 cos - - --_ r 3/2 cos - + 0(r 2

)

2 6..)2 2

o I . 38
1'/ = (2r)1 /2 sin - - --_ r 3/2 Sill - + 0(r2

).

2 6,,/2 2

(58)

(59)

In view of (57), Taylor series expansions for the Mathieu and Modified Mathieu functions
in the neighbourhood of the crack tip are written as

2 3

cen(I],q) = cen(O, q) + IT ce;,(O, q) + &ce;;(O,q) + ~ ce~"(O, q) + 0(114
) (60)

2 3

sen(I], q) = sen(O, q) + IIse;.co, q) + ~ se~'(O,q) + ~ se~"(O, q) + 0(1]4) (61)

Men(~' q) = Men(O, q) +tMe;'(O. q) + f; Me~(O, q) + f; Me~'(O, q) + 0(~4) (62)

:: l:2 :::3

Nen(~' q) = Nen(O, q) +ENe:,(O, q) + 8Ne~(O, q) + ~ Ne~'(O, q) + 0(~4). (63)

Superscript (I) is omitted in Men(~' q) and Nen(~'q) for the sake of brevity. Terms involving
fourth and higher powers of ~ and I] are dropped in the series as ~ and 1'/ are of order r 1/2

•

From the Fourier series expansions for Matheiu funCtions, there follows

ce~(O, q) = ce~"(O, q) = sen(O, q) = se~'(O, q) = 0. (64)



On the stress problem of large elliptical cutouts and cracks in circular cylindrical shells 1255

From the properties of Mathieu and Modified Mathieu functions, it can be shown that

Men(O, q)ce~(O, q) + Me~(O, q)cen(O, q) = 0. (65)

Using equations (55, 56 and 58-65), the general term in the series solution defined by
equations (47) and (48) can be expressed in terms of polar coordinates as follows:

1 8
+ J- [Me~/O, q)ce2j(0, q) + Me;j(O, q)ce"i/O, q)]r3

/
2 cos

222

[
{Me~'j(O,q) - Me;/O, q)}ce2/0, q) Me;j(O, q)ce"ij(O, q)] 3/2 38 2)

+ J - J r cos - + O(r
6 2 2 2 2

(66)

(1 + i)f3 . 3/2 (8 38) 2
F2j + 1 = J2 Ne2J + 1(0, q)se (0, q)r cos 2: - cos"2 + O(r ). (67)

Determination F2j and F 2j + 1 from the foregoing equations is fairly simple from the
computational points of view, because the Modified Mathieu functions and their first,
second and third derivatives on the crack boundary ~ =°are already evaluated during the
process of satisfying the boundary conditions. Mathieu functions and their derivatives at
I] = °are easily determined from their Fourier series expansions. Solution for F in polar
coordinates is obtained by substituting for F 2j and F 2j + 1 and carrying out the summation in
equation (46). Separating the real and imaginary parts, we get the stress function and normal
displacement in the form

Nondimensional stresses and stress resultants can be determined from the known solution
by using the relations

(70)

(71)

(72)

(73)

(74)
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o
or (V

2
W)

1 0 2

Qo=~oO(V W)

(75)

(76)

(77)

where the bending stresses refer to outer surface of the shell.
A simple check on the computed values of <l>n and Wn in equations (68) and (69) is to

check whether the following boundary conditions, reformulated in polar coordinates, are
satisfied or not:

No = -1, N'9 = Mo 00 = 0 along e= ±n

where

- oM'9
Qo = Qo +-

00

Substituting from equations (68)-(77) in the foregoing boundary conditions and satisfying
the resulting equations term by term in the power series in r 1 /2, there follows

<1>1 = 0

WI =0

<1>3/<1>4 = 3

W3 /W4 = 3(v -1)/(7 + v).

(78)

(79)

(80)

(81)

The constant terms and terms involving r cos 0 in equations (68) and (69) do not produce
any stress. In view of this and also from equations (78) and (79), it is evident that the mem-
brane and bending stresses have the same ljJr type of singularity characteristic of plates.
Hence, following the plate convention, we define the membrane and bending stress in
tensity factors K(m) and K(O) with reference to the cleavage plane stress:

[0"~m)]9~0 = K(m)/J2r +O(rO)

[0"~O)]9~0 = K(O)/J2r+0(rO)

(82)

(83)

where the bending stress refers to the outer surface of the shell. An inspection shows that
K(m) and K(O) are dimensionless and are normalized with respect to O"./a which represents
the stress intensity factor for an infinite plate. From equations (82, 83 and 68-75), the
membrane and bending stress intensity factors are obtained as simple algebraic expressions
involving <1>3' <1>4' W3 and W4 •

K(m) = 3(<1>3 + <l>4)/2J2

K(O) 3[3W4(l - v) - W3(5 + 3v)]/[24(l - V 2W!2.
(84)

(85)

Distribution of stresses in the vicinity of the crack tip is obtained in terms of K(m) and
K(O) through equations (70-75, 68, 69, 78-83), used in that order:
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Membrane stresses

(90)

(91)

(89)

(87)

(88)

(86)K(m) [0 SO]
(J<;') JE ~ cos 2+ t cos 2" + O(rO)

K(m) [ 0 50](Jr') --= 2- cos - - ! cos - + O(rO)
J2r 4 2 2

K(m) [1 . SO l' 8] 0
rt;i J2r 4: sm 2" - 4: sm 2 + OCr ).

Bending Stresses (Outer Surface)

K(b) [3(1 - v) 0 (I - v) 50]aC:) = ...- - cos - - --- cos - + O(rO)
(3 + 1')J2r' 4 2 4 2

(b) _ K(b) [(11 + 51') 0 (1 - v) 50] 0 °
ay - /- 4 cos 2+ -4- cos 2" + (r)

(3 + 1'),,/2r

b K(b) [ (7 + v) . 0 (1 - v) . 50] 0rH = .. - --- sm - --- sm - + OCr ),
(3 + 1')J2r 4 2 4 2

The test of convergence during computations was applied on the total stress intensity
factor K(tOI) which is given by

and which represents the physically most significant quantity in the crack problem. The
results showed satisfactory convergence for Pup to 1·25 whereas, for higher values of p,
there was no convergence at alL Let us now examine the reason for this and see what
modifications would be necessary in our procedure for fJ > 1·25.

Taking, for instance, the boundary condition (52) and its equivalent, equation (53), we
see that N~~ is actually obtained by dividing the left hand side of equation (53) by 2K4/h 2 .

While K is a mathematically perfect zero at the crack tip, the left hand side of equation (53)
leaves a residue due to round-off errors in the computer. The magnitude of this residue, as
would be expected, increases with Pand the result is that we have residual traction forces
of singular nature in the vicinity of the crack tip. This accounts for poor convergence at
higher values of p. We thus find that the Fourier series technique, in spite of its proven
effectiveness in satisfying the overall boundary conditions, cannot handle the mathematical
limiting process in the vicinity of the crack tip for higher values of p.

We now look back at equations (78)-(81) which are obtained by reformulating the bound
ary conditions in polar coordinates. These equations serve as a useful check on the mathema
tical formulation of the problem, the correctness of computer programming as well as
computational errors such as round-off, etc. Numerical results show that, for p :::;; 1·25 these
equations are clearly satisfied and convergence is found in the results. For p > 1'25, equa
tions (78)-(81) are not satisfied and convergence is not achieved. So one concludes that
there is no error either in the mathematical formulation or in the computer programming,
but the numerical errors are overpowering the solution at higher values of p. The value of p
beyond which this happens is obviously not unique but depends on the computer limitations
and the programming detail.
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A closer look at the origin of equations (78)-(81) shows that they actually represent
boundary conditions on the singular component of stresses near the crack tip. A remedy for
the difficulty in achieving convergence at 13 > 1'25 now becomes immediately obvious.
Since equations (78)-(81), after all, represent the boundary conditions in some form, these
can be enforced as additional conditions to be satisfied during the"evaluation of the arbitrary
constants. What we are doing is, in effect, equivalent to (i) satisfying the overall boundary
conditions by enforcing them term by term in the Fourier series, and (ii) taking particular
care of the singular stresses in the boundary conditions through equations (78)-(81). This
"hybrid" technique of satisfying the boundary conditions results in excellent convergence.
over the entire range of 13 considered here. For 13 :s; 1·25, however, it makes no difference
whether the Fourier series method is used alone or in conjunction with equations (78)-(81).

2.8 Axial crack (Fig. 1, Case 4)

In the "residual problem" for a pressurized cylindrical shell with an axial crack, the
edge loads along the crack are

N~=-I,N~q=M~=Q~=O along ~=O.

The axial crack being a limiting case of an elliptic hole with major axis parallel to shell
axis, the solution to the shell equation is taken as in equations (34)-(36). From equations
(I, 4 and 54), it follows that

cos[(I + i)f3x] = cos[(I +i)f3] -(I +i)f3 sin [(I +i)f3]r cos () + 0(r2
) (92)

sin[(l + i)f3x] = sin[(I + i)f3] +(I + i)f3 cos[(l + i)f3]r cos () + 0(r2
). (93)

Using equations (92, 93 and 58-65), the general term in the series solution defined by
equations (35) and (36) can be expressed in polar coordinates as follows:

Fn = AMen(O, q)cen(O, q) + )2AMe~(0, q)cen(O, q)r 1
/
2 cos ~

+ [AMe~(O, q)cen(O, q) + (l + i)f3IlMen(O, q)cen(O, q)]r cos ()

+ L~2 {Me~'(O, q)cen(O, q) + Me~(O, q)ce~·(O, q)}

(I + i)f3ll, ] 3/2 8+ /2 Men(O, q)cen(O, q) r cos 2
v

+ [A{Me~'(O, q) - Me~(O, q)}cen(O, q) _ },Me~(O, q)ce~·(O, q)

6)2 2)2

(I + i)f3ll ] 38
+ J2 Me~(O, q)cen(O, q) r3

/
2 cos 2 + 0(r2

)

where
A=cos[(1 +i)f3],

A= sin[(I + i)f3],

11 = - sin[( I + i)f3] for n even

ll=cos[(I +i)f3] for n odd.

Further analysis of this problem is carried out essentially on the same lines as in the
circumferential crack case. In fact, all the relations given by equations (68)-(91), without
modifications, hold good for this case also.
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The direct use of the Fourier series method, without inclusion of equations (78)-(81), in
satisfying the boundary conditions proved successful for f3 up to 1·5 which is slightly higher
than the corresponding limit for a circumferential crack. As it was desired to go beyond this
limit up to f3 = 2,5, equations (78)-(81) arising from the power series expansions of the
boundary conditions along the crack were used together with the Fourier series expansions
in 1'/.

3. RESULTS AND DISCUSSION

Numerical calculations in this paper were performed on an IBM 360/44 computer.
Results are obtained, for Poisson's ratio of 0'3, in terms of the two dimensionless para
meters f3 and k in the ranges

o< f3 ~ 2·5 and 0 ~ k ~ 1.

For each value of f3 and k, the computation was started by taking the first ten terms in the
series solution initially and increasing the number of terms in steps of two. Computations
were terminated if less than 0'1 per cent deviation was noticed in stresses from two successive
approximations. Over the range of f3 covered here, it was generally found sufficient to
consider the first twelve terms.

Perturbation solutions are available [14-16, 21, 22] for all the problems for which
numerical results are given here. As would be anticipated, comparison of perturbation
solutions with the present accurate results show good agreement for small values of f3
(up to 0'25). In fact, for very small values of f3 (say, f3 = 0'005) the results agree up to four
significant digits in stresses as well as in the arbitrary constants. Such a comparison provides
a useful check against errors in programming our method over the digital computer and also
confirms the effectiveness of the perturbation method for small f3. The accuracy of per
turbation solutions beyond f3 = 0·25 is found to differ slightly from one problem to an
other. An example of the increasing discrepancy for higher values of f3 can be seen in Fig. 3.
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12.0 12.0

~
PERTURBATION SOLUTION~ ,/

@510.0 (REF. 14) :' 10.0

I ,
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,

8 8
.
0 -Gj- " 8.0

li "i!i 6.0 , 6.0

~ [IT]1.1'0.3
,

l-i 4.0
,,, 4.0

, ,

III EXACTSOWTION
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I-
III

0.00,.l.0:---.,JO.~5--"'1.~0--"'1"".5----:2"".0----:2~.50.0

CURVATURE PARAMETER II>

Fig. 3. Comparison of perturbation and exact solutions.
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In view of the range of problems covered in this analysis, only important results like
stress concentration factors for elliptic holes and nondimensional stress intensity factors for
cracks are presented. Parametric studies are presented only for a longitudinal elliptic hole
(Fig. 1, Case 1) but the conclusions are generally valid for the transverse elliptic hole also.

Results for an elliptic hole with major axis parallel to shell axis for the axial loading case
are shown in Figs. 3-7. Figures 4 and 5 show the variation of stresses on the hole boundary
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Fig. 4. Stresses along the hole boundary plotted as a function of f3.

in terms of Pand k. It can be seen that the peak value of membrane stress in tension is
always reached at the ends of minor axis and its magnitude increases with [3 and the axis
ratio k. The maximum value of membrane stress in compression, however, increases with [3,
up to a certain limit and decreases with further increase in [3, as in a circular hole[9]. Further,
for higher values of [3, its location drifts away from the end of major axis as the ellipse
approaches a circle as can be seen from Fig. 5 plotted for [3 =2·0. A similar phenomenon
can be noticed in the circular hole solutions reported earlier[9]. The bending stress increases
with increase in [3 and k everywhere on the boundary, the maximum being always reached at
the ends of major axis for any given [3 and k. With increase in [3, the bending stress becomes
quite significant. In fact, for a 2:1 elliptic hole with [3 =2,5, the maximum bending stress is
as large as 1·69 times the applied stress at infinity and is even greater than the membrane
stress at the same point (Fig. 4).

The effect of curvature parameter on the decay of membrane and bending components of
the axial stress in the circumferential direction is shown in Fig. 6. It can be observed that
stresses at the hole boundary increase in magnitude with increase in [3, but they decay much
faster also, as would be anticipated from the asymptotic expansion of the solution to shell
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for an axial crack.

equation[14]. Numerical results show that the rate of decay varies with the direction, being
slowest and most rapid in the axial and circumferential directions respectively.

Wall bending takes place in such a way that, in highly stressed regions on the boundary,
the bending stress has the same sign as the membrane stress on the inner surface of the shell
as seen from Figs. 4 and 5. Thus, for a longitudinal elliptical hole (Fig. 1, Case I), the maxi
mum total stress always occurs at the ends of minor axis and on the inner surface. Figure 7
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Fig. 7. Stress concentration factor for an elliptic hole with major axis parallel to shell axis.

shows a plot of the stress concentration factor based on this maximum total stress against p
for various values of k at intervals of 0·1. Similar results for an elliptic hole with minor axis
parallel to shell axis are given in Fig. 8. In this case, the maximum total stress occurs at the
ends of major axis and on the inner surface.

For the limiting case of a circumferential crack, the membrane and bending stress in
tensity factors are given by Figs. 9 and 10. The corresponding results for an axial crack under
pressure loading are shown in Figs. II and 12. There are several interesting features com
mon to both the axial and circumferential crack problems:

(i) For small values of (J, the variation of membrane stress intensity factor is parabolic
and the numerical results agree with the following perturbation results given by Folias
[16,22] and Murthy et a/.[I5, 21].

np2
K(m) = I + - for a circumferential crack

8

5nQ2

K(m) = 1 + -p-

8
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For higher values of [3, it can be seen from Figs. 9 and 11 that the variation of K(m) is
approximately linear. In fact, for an axial crack, the curve is almost indistinguishable from a
straight line. The following relations, obtained from a least square fit, can be used to give a
good approximation for 0·5 S;; [3 S;; 2·5 with less than one per cent error;

K(m) = 0'392/3 + 0·897 for a circumferential crack

K(m) = 1'36[3 + 0·662 for an axial crack.

(ii) The bending stress intensity factor K(b) increases with [3 up to a certain limit, reaches a
positive maximum and decreases with further increase in /3. Later, it changes sign and the
negative value increases in magnitude continuously in the range considered.
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These trends in the behaviour of K(m) and K(b) are also seen in the earlier works of Copley
and Sanders[23] and Erdogan and Ratwani[25] which are based on integral equation
methods.

(iii) The distribution patterns of the membrane and bending stresses in the vicinity of the
crack tip, given by equations (86)-(91) are identical with those encountered in plate problems
for the cases of stretching[32] and bending[33], both with regard to the inverse square root
singularity in r and angular distribution in the e coordinate. This, of course, is a con
sequence of the use of Kirchhoff shear in the boundary conditions. While curvature leaves
the radial and angular distribution of stresses unaltered, it has the effect of increasing
their amplitude. This effect is more predominant in the case of an axial crack. For instance,
for f3 2'5, the total stress intensity factor for circumferential and axial cracks are 2·23 and
4'36, respectively. This shows that curvature in a plane perpendicular to the crack is more
critical from a stress point of view.

Equations (86)-(91) suggest that the angular distribution of membrane stresses is indepen
dent of the Poisson's ratio whereas this is not true of bending stresses. Analysis of the plate
bending problem from Reissner's theory by Knowles and Wang[34] shows that the order of
singularity of bending stresses near the crack tip agrees with predictions from Kirchhoff
theory [33] but the angular distribution is independent of v and is exactly identical with one
for the case of pure stretching[32]. Pending a similar investigation of the shell problem, it
might be expected that the same conclusion should hold good for shells also.

Results given here cannot be directly compared with some of the other theoretical
solutions due to assumption of different values of Poisson's ratio. Wherever necessary,
separate computations were carried out for making such comparisons and the results are
found to be in agreement with those given in Refs. [9, 23 and 26]. Comparisons could not be
made with the work of Erdogan and Ratwani[25] as the value of vused in their computations
is not clear.

The authors could not find sufficient experimental data to compare results from the
present method of analysis with those obtained by experiments. The only extensive series of
tests on elliptic holes in shells due to Leckie et a/.[35] is restricted to pressurized spherical
shells. In a series of photoelastic tests on shells with cutouts reported by Houghton[36],
only one cylindrical shell model with an elliptic hole was tested for the case of axial tension.
Transmission polariscope was used and the polariser was set inside the cylinder with the
hole under examination between it and the analyzer. By this arrangement, stresses in the far
wall of the cylinder did not interfere with those being measured. The hole was relatively
small in size with a f3 value of 0·6 and it appears that experimental errors were more pre
dominant than the effect of curvature. This is evidenced by the fact that the maximum
direct stress on the hole boundary was found to be less than that in a plate, whereas it has
been established beyond doubt by theoretical as well as experimental investigations that
curvature has the effect of increasing the maximum direct stress. However, comparison with
limited results from the work of Hasseem et a/[37] shows good agreement between experi
ment and results from the present theoretical method as seen in Fig. 13. Here again, as part
of a general series of photoelastic investigations on cutouts in cylindrical as well as conical
shells, only one model with a transverse elliptic hole was tested under axial tension (Fig. 1,
Case 2). Details of the model tested are

R=31t
, a=I", b=0·5"

and v =0·5 (corresponding to the condition at stress freezing). The model thus had a f3
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Fig. 13. Comparison with experimental results.

value of 1'18. The load was applied at the critical temperature and the model was stress
frozen. The inner face around the cutout in the stress frozen model was given a thin alumi
nium spray coating to provide a reflective surface and reflection polariscope was used.
Hence only direct stresses could be measured.

Computations throughout the paper are carried out for v =0,3 which nearly represents
the value for most of the engineering materials. Effect of varying Poisson's ratio for a given f3
has been investigated for the analogous problems of a circular hole[8] and an axial crack[38].
It is found that there is a slight increase in stress concentration factor or the stress intensity
factor, as the case may be, but this is compensated by the fact that f3 itself is a decreasing

function of v. A more realistic picture emerges by varying v for a given a/JRt. Such an
analysis[38] shows that the influence of Poisson's ratio is negligible.

3.1 Application of results to residual strength evaluation

The elastic stress intensity factor has been successfully used for brittle and quasi-brittle
materials as a correlation parameter in evaluating residual strengths of cracked structures.
In other words, for such a material, there exists a critical value of the elastic stress intensity
factor at which fracture takes place. In the case of moderately large plastic deformations
characteristic of ductile materials, correlations based on the use of elastic stress intensity
factor as a direct correlation parameter are rather poor. This deficiency has been partly
remedied in the past for the plate problem by introducing a correction due to plasticity
effects to the elastic stress intensity factor[39-41]. In particular, the plastic strip model
introduced by Dugdale[40] appears to be fairly realistic and seems to agree with the available
experimental results. Dugdale's model has been recently modified for shell problems[42] to
take account of the combined effect of stretching and bending. An analysis[38] of the result
of a series of burst tests obtained by Anderson and Sullivan[43] on 2014-T6 aluminium
cylinders shows that the plasticity corrected stress intensity factor computed in this way is a
fairly accurate means of predicting the residual strength except in the case of very small
crack lengths. In recent years, however, the COD (Crack Opening Displacement) Theory is
being widely recognized as a fracture criterion[44, 45], particularly in the United Kingdom.
The theory is based on the assumption that the unstable crack growth occurs when the
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COD, defined as the relative crack opening at the actual crack tip obtained from the plastic
strip model, reaches a critical value.

It should however be emphasized at this point that for determining either the plasticity
corrected stress intensity factor or the COD, results of an elastic analysis of the type reported
in this paper form a prerequisite.

3.2 Application to fatigue crack propogation studies

In applying conventional crack propogation theories to shell problems characterized by
the combined action of stretching and bending, it has been suggested[38] that an effective
stress intensity factor ratio Keff given by

(94)

should be used. Some justification for this based on an extension of Dugdale's plastic
strip model to cylindrical bending in plates is given in Ref.[46]. This has also been sub
stantiated by Erdogan and Ratwani[38] by fatigue tests on plate and shell specimens of the
same material (6061-T4 aluminium). Results of these tests show that with the use of stress
intensity factor ratio given by equation (94) and the material constants determined through
tests on plate specimens, it is possible to predict the fatigue crack growth behaviour of
shells of the same material and thickness.

4. CONCLUDING REMARKS

The paper gives an account of a fairly extensive numerical work on the stress problem of
large sized elliptic holes and cracks in cylindrical shells. The work is a logical extension of
the available perturbation solutions which are of limited use in practical applications. The
results generated here are of direct practical use because they cover a wide practical range of
the parameters involved. The analysis has also served to establish the range of validity of the
perturbation solutions. Charts are presented from which stress concentration factors and
stress intensity factors can be directly read.

The differential equation approach does not seem to have been used earlier in the analysis
of crack problems in shells. The paper thus provides an interesting alternative to the existing
methods particularly when more complicated problems involving, for instance, elasto
plastic analysis are to be solved. Of particular interest should be the "hybrid" technique
developed in this paper for satisfying the boundary conditions in a crack problem. The
method combines the effectiveness of one type of expansion in satisfying the boundary
conditions on the singular components of stresses with that of another in satisfying the
overall boundary conditions.
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